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Abstract

In this paper I present an exact solution for endogeneous regressor problem

in zero-inflated regression models.

1 Introduction

Zero-inflated (ZI) regression models are being increasingly used in health economics,
especially in health care demand estimations. In these estimations, health insurance
dummy is usually among the independent variables. However, due to adverse selection
in the choice of health insurance, endogeneity of this dummy variable is an issue that
needs to be addressed. Terza (1998)’s solution, which applies to Poisson and Negative
Binomial regressions, for endogeneous regressor problem in count data models is not

directly applicable to ZI regression models.

2 Econometric methodology

In general, finite mixture models are appropriate when it is possible that the same out-

come can arise from more than one processes. A special case of finite mixture models is
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the Zero-Inflated (ZI) regression model. Estimating a ZI regression model involves esti-
mating the switching probability between the regimes using the logit regression model,*
and estimating the second regime by any non-degenerate count-data regression model.
Poisson or Negative Binomial Regression models are by far the only count-data models
used for the purpose of estimating the second regime, rendering Zero-Inflated Poisson
(ZIP) and Zero-Inflated Negative Binomial (ZINB) models, respectively.? (Poisson,
Negative, Binomial and Hurdle models are frequently used in health care demand es-
timations, see Cameron and Trivedi (1998) for a survey). Thus, one can analyze the
effect of an independent variable in different decision stages, on the assumption that
it plays a role in switching between these underlying regimes. Technically, the choice
of covariates for the switching probability (Stage 1) is completely independent from
the choice of covariates for the ex post demand D, (Stage 2). However, using the
same covariates in both parametrizations serves the purpose of identifying the possibly
different roles of the same determinant in each stage. In this chapter, I use identical
sets of determinants both for the switching probability between D; and D, and for the
demand in Ds.

The basic distribution underlying the Zero-Inflated regression model is:®

y; = 0 with probability P(D;)

y; ~ Poisson|oy;]  with probability P(Ds)

1Using probit or Prentice’s F distribution, which is a generalization of the logistic distribution (see
Cameron and Trivedi (1998)), are other possibilities but logit is more commonly used, and my results

are robust to using Probit.
2Extending ZIP and ZINB to, respectively, ZIP-Hurdle and ZINB-Hurdle models are also possible

(provided identification is achieved). Hurdle models are count data models that assume a non-linearity
in the process, and hence let the zero outcome come from a different distribution than the distribution
of the positive outcomes. Using a Hurdle model, doctor-induced moral hazard can be accounted for,
as in Pohlmeijer and Ulrich (1995). Note that in a Hurdle model, zero need not necessarily be
the “Hurdle”, for example, as suggested by Wilson (1998), a positive hurdle in a Hurdle model is

conceivable.
3There are some typos in Greene (1997), on p.943. Following his notation there, Prob(Z; = 0) =

F(w;, ) and the mean should be (1 — F')A;. For the correct mean see Lambert (1992), Greene (1994)
or Cameron and Trivedi (1998).



where P(D;)+P(D3) = 1, and Lambert (1992) proposes to estimate P(D;) by using
either of the logit or probit models and employing the Poisson (or any other count-
data) regression model for estimating the coefficients in Dy. That is, letting F'(-) be

the logistic distribution, Zero-Inflated Poisson (ZIP) model is given as:

P(Dy) = F(‘Z, 7)

_ exp(—N\i) X! .
P(:Ui_]’DQ)_i(jl ) j=0,1,2,..
where )\; = €% as in all the familiar count models.* Even though P(D;) is

parametrized, the marginal effects on the probability of switch, that is, P(Ds) is
straightforward since, P(Dy) =1 — P(Dy).

In the present application, F(Z,v) = F(Z~) and F(-) are the cumulative proba-
bility function of the logistic distribution. Also the same determinants are used for
both parametrizations, that is, X and Z will be identical. Now I proceed to the ZINB
regression model.

The two models ZIP and ZINB have no technical difference except that the decision
in Stage 2 is parametrized by NB distribution in the case of ZINB (Greene, 1994), that

is,

F(] + a_l) a ! )oﬁl( 1%
PG+l ) at+pu” o l+p

where, j is a non-negative integer and « is a non-negative real number, and F(+)

P(y; = j|D2) = ).

is the logistic distribution in the present application. The NB distribution reduces to
Poisson when o = 0, so ZIP is nested in ZINB, which makes the likelihood ratio test
applicable. For the gradients of the likelihood function, I refer the reader to Greene
(1994).

When ZINB is estimated, one gets a coefficient for each covariate for each decision

stage. If X = Z as in my case, then there are two coefficients for each covariate, one

4See Cameron and Trivedi (1998) for an account of parametrization of mean using the exponential

function in count data models.



for Stage 1 and the other for Stage 2. These two coefficients allow to differentiate
between the roles of the same covariate in different decision stages. In the case of
health insurance dummies, this enables me to differentiate between the types of moral
hazard effects.

Marginal Effects in ZI models are not trivial but relatively straightforward. For the
sake of completeness and clarity of exposition they are given here. The mean of ZIP

and ZINB are the same and given by:

E(Y|X,Z)=(1—F)\

where A = eX? and F = F(Z,v) = F(Zv). Thus the marginal effect of X is

OE(Y|X,Z) 0 .
= il - Fze)

Consider the following two cases. In the first case, the covariate X; is a regressor

in both of the stages. In the second case, it is a regressor in only one stage. These two
cases lead to different marginal effects. In the present application Case 1 holds, and
therefore Case 2 is not detailed in what follows.

Case 1: Let the variable X; be a covariate in both regimes, i.e., 3¢ such that

Xi = Zz Then

OE(Y|X, Z)

0X;
The first part, i.e., —y,F'(Zv)e*? is the marginal effect in Stage 1 and the second
part, i.e., (1 — F(Zv))B;eX” is the marginal effect in Stage 2. Since F’, 1 — F, and e*#

= P (Z7)e 4 (1~ F(Z7))5™

are all positive, the marginal effect in the first stage (the marginal effect on probability
of switching to Ds) has the opposite sign with the estimated coefficient 7;, whereas the
marginal effect in the second stage, has the same sign with the estimated coefficient
B;. The sign of the overall marginal effect differs depending on signs and ratios of the
coefficients with respect to the hazard function associated with the logistic density.
Define this hazard function by

F'(Z~)

T—F(Zy) h(Z7)



exp(Zy)
1+exp(Zy)?

coincides with the cumulative density function, that is, h(Zv) = F(Z~). The sign of
the Overall Marginal Effect (OME) can be given as:

Case 1.1. (8,7 > 0). OME > 0 iff 2 > h(Z7).

Case 1.2. (3;,v: <0). OME >0 1ff% < h(Z~).

Note that since logistic distribution is used, F'(Zv) = the hazard function

(
Case 1.3. (5; > 0,7v; < 0). OME > 0.
Case 1.4. (ﬁz < O,'}/Z > O) OME < 0.

In this case, the percentage change in the dependent variable as a result of a
marginal change in a given independent variable X, is (note that X = Z in the present

application) DB

0X; A 3 _ .
B 7 = B = h(Zy)vi = Bi — F(Z7).

Case 2: Now consider a variable X; that is used as a covariate in only Stage 2, that

is, X;e(X\Z). Then the marginal effects and percentage changes can easily be found
by directly following the steps in Case 1.

In ZIP or ZINB, when the same covariates are used for both decision stages, as in
the present application, the estimated percentage changes in the dependent variable

(evaluated at the sample mean) as a function of a given covariate is given as

~ —

Bi — h(Z7)7s (1)
where Bz is the estimated coefficient of Z; in Stage 2 and ~; is the estimated coeffi-

cient of Z; in Stage 1, and Z is the vector of means of Z,’s.

3 Solution for endogeneity

Inconsistent estimates may arise because of the possibility that unobservable charac-
teristics of an individual (e.g. an expectation of a poor health status in the future)
may be correlated with the insurance dummy. This problem is called the problem of
endogeneity of health insurance, which is a concern in health care demand estimations.
The Generalized Method of Moments (GMM) is employed by Windmeijer and Santos-
Silva (1997), CDK (2001a,b) and Craig and Kog (2001). This approach can be applied



to the present context, but I pursue an exact explicit solution here.

The problem of endogeneity is also addressed by Greene (1994), who accounts for
the closely related problem, sample-selection, in a different context. On the other hand,
the solution provided by Greene (1994) closely follows Heckman (1979) and ignores the
specific properties of ZI model. The solution proposed by Greene (1994) is practical
because it involves values from the cumulative normal distribution. The exact solution
that is presented below requires a non-linear least squares estimation, where the mean
function contains an integral that does not belong to a known distribution.

Terza (1997) accounts for endogeneity in Poisson and Negative Binomial models
by using Heckman’s (1979) two-step procedure. Since the means of the Zero-Inflated
Poisson (ZIP) and Zero-Inflated Negative Binomial (ZINB) regression models are dif-
ferent from the means of Poisson and Negative Binomial, Terza’s (1997) solution is
not valid for ZIP and ZINB models. Below I account for endogeneity for a class of
models including the fully parametric models ZIP and ZINB using a semi-parametric
approach.

Let the dependent variable y be formulated as

Yy = f(y’w7 d>777 6) (2)

where w is the set of all exogeneous variables, n and € are nuissance parameters to
account for possible heterogeneity in respectively Stage 1 and Stage 2, and d is the

possibly-endogeneous dummy variable where,

- 1 ifand only if Ta+v >0

0 otherwise
where T'C W = (X UZ) \ {d}, a is a vector of coefficients, and v is the error term.
Note that d € (X U Z). Let

exp(X P+ €)
1+ exp(Zvy+n)

Elylw,d,e,n] = (3)

In particular, this assumption is satisfied by ZIP and ZINB models if the regime
switching probability is modeled by Logit. The parameters ¢ and 7 are unobservable

heterogeneities, and they are possibly correlated with d. For example, it may be true



that individuals who buy health insurance are those who are more likely to demand
more health care, the phenomenon of adverse selection. The opposite effect is also
possible, implying the presence of screening. Similarly, individuals who don’t have ac-
cess to or appropriate educational background inducing a sufficient level of self-control
for proper self-preventive care may be more inclined to buy insurance, suggesting a
possible correlation between d and 7.

This conditional mean motivates the following regression:

~exp(XB+e)
1+ exp(Zy +n)

(4)

where Flu|lw,d, e, n] = 0.

Let (e,m,v) have a joint normal distribution. This can be used to motivate a
regression in which the possibly endogeneous dummy is no longer correlated with the
error term. For this purpose I need to derive E[y|w, d], which by the Law of Iterated
Expectations is equal to Ei ,[y|w,d, €,n]. Then Ely|w, d] can be rewritten as:

X
Ely|w,d] = dE} 77][1 ixfzf’p(gjj)n) v > —Ta,w] +
G Vo B L\ e R W 5)

1+ exp(Zy +n)

Using

exp(X 0 +¢€) —E[ exp(X B +¢€) | }
L +exp(Zy+n) L+exp(Zy+n) " |’

(5) can be written as

exp(X [+ €)
1+exp(Zy+n

exp(X [+ €)
1+ exp(Zvy +n)

E[y|w,d] = CZE'[E 7l {E[E 7l |: )|v,w} |U > —Ta,w} +

(=B |Ben | |lostau]. ©

5Ruling out the possibility of individual heterogeneity in Stage 1, i.e., setting n = 0, or letting the
individual heterogeneity be characterized by the same parameter in both regimes, i.e., setting n = ¢,
can substantially simplify the following solution. However, for now I proceed with the most general

case.



Since

0 011 O12 013
f(ev n, V) ~ N 0 y | 012 022 Oo23
0 013 0923 ]_

where 0;; = 0,;0;;pi;, the conditional density of (e,7) becomes

2
013V 011 — 0713 012 — 013023
fem(evmy) ~ N ) ' . (7)

2
0923V 012 — 013023 022 — 053
From this conditional density we can find

exp(X G+ e)
1+ exp(Zvy +n)

v, wl,

e n][

which is an expectation of a non-linear transformation of the joint density given by (7).
By a first-order Taylor approximation, using the (population) mean as the expansion

point, and letting

(e) = exp(X [+ €)
&) = 1+ exp(Zvy+n)’

one can write

_exp(XB+ o13v)
L+ exp(Zy + o93m)

Elg(e,n)|v, w] = g(pe, ptn)

Thus, (6) becomes

exp(X [+ o13v)
E ~dbE =T
. dj = d [1 + exp(Zy + o93v) v > —Ta,w)+
(1= d)p[SPXBE oY) |\ gy 8)

1+ exp(Z7y + o93v)

This approximation of E[y|w,d] can be written as follows:

* exp(XP + o13v)
Elylw,d] =d
. ] /Ta 1+ exp(Zy + o3v)

(1 _ d) /—TOC €$p<Xﬁ + 013V)
oo L4 exp(Zy + o93v)

o(v|lv > —Ta,w)dv +

o(v|lv < —Ta,w)dv

which after simplification and defining A(-) as (note that 1 — ®(—Ta) = ®(Ta)):



h’(w7dvﬁa77T7a70137023) = (9)
d °° exp(oy3v)
exp(X3) {T(Toz) /_Ta 15 exp(Z7y + 023V)¢(1/)d1/+
1—d /ta exp(oy3v)

O(—Ta) J_o 1+ exp(Zy+ o93v)

(v, w)dv (10)

gives

Elylw,d] = h(w,d, 3,7, T, a, 013, 023).

Motivated by (9) one can write, y = E[Y|w, d] + e, that is,

> exp(o13V)
= exp(X viw)dv+
Y PIXS) {‘P(Ta) /Ta 1 +exp(Zy + 023V)¢( )
1—a [T exp(o3v)
e vlw)dv| + e 11
O(—Ta) /_oo 1+exp(Z7+0231/)¢( [w) (11)
where e = % +u — Ely|lw,d]. Let 7 = [6 v a 013 093 |. Then it can be
Oh()

checked that E[“5~¢] = 0, so the NLS estimator is consistent. To reduce the computa-
tional burden, one can use a two-stage (T'S) method as in Heckman (1976, 1979). By
Theorem 6.11 in White(1994) /n(b° — bNL9) converges in distribution to a normal
distribution with mean zero. For the solution, first & is to be found by, say, probit.
Then 3,7, 0137 and go3v are to be estimated by NLS using the following specification

of the conditional mean:

* exp(X[ + o13v)
= X
y = exp(XP) {@(T@) /_m 1+ exp(Zy + o3v)
t-d / T eap(XB+ owv)
O(-Td) J oo 1+ exp(Zy + ouv)

¢(v)dv+

o(v)dv| + €° (12)

where €° = e + Ely|lw, d, o] — Ely|d, w, a].
Equation (12) solves the problem of endogeneity. As can be seen from (12), an inte-
gral with an infinite limit has to be computed at every iteration during the estimation

process.
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